We exploit a recent result which provides the basis for a systematic derivation of 'functional representations' of Gelfand-Dickey-type hierarchies with variables in any noncommutative associative algebra (in particular, matrix algebras). In this work we apply it to AKNS-type hierarchies, associated with coupled derivative nonlinear Schrödinger equations (with dependent variables in any noncommutative algebra), and compute corresponding representations by functional equations. A central point is the use of deformed associative products which depend on a spectral parameter.
Introduction
In a recent paper [1] we derived a general formula which permits a simple and systematic derivation of 'functional representations' for Gelfand-Dickey-type hierarchies with variables in any (noncommutative) associative algebra. These are generating equations, dependent on auxiliary parameters, which determine the hierarchy equations directly in terms of the relevant dependent variables (see also [2] and the references cited in [1] ). In this work, we apply the procedure to AKNS-type hierarchies
with an indeterminate ζ, a formal power series V in ζ −1 with coefficients in some associative algebra A, and a projection ( ) ≥k to terms containing only powers ≥ k of ζ, where k = 0 or k = 1 (cf [3] [4] [5] [6] [7] ). A possibility which apparently has not yet been explored in the literature, is offered by the observation that the product used in (1.1) may depend non-trivially on ζ. 1 We will show that in this way one recovers in particular hierarchies associated with derivative nonlinear Schrödinger equations.
Section 2 recalls a basic result from [1] and introduces the necessary notation. In the subsequent two sections we consider hierarchies associated with three variants (Chen-Lee-Liu, Gerdjikov-Ivanov, and KaupNewell) of derivative nonlinear Schrödinger equations (DNLS) and derive corresponding functional representations. Section 5 contains some concluding remarks. Two appendices provide supplementary material, in particular on deformations of products as used in the main part of this work.
Preliminaries
Let (R, •) be an associative algebra with a projection ( ) − such that R = (R) − ⊕ (R) + where ( ) + = id − ( ) − , and (R) − , (R) + are subalgebras, i.e.,
In [1] we showed that the integrability conditions (zero curvature or Zakharov-Shabat equations) of the Gelfand-Dickey-type hierarchy 2
can be expressed in the form
where λ 1 and λ 2 are indeterminates and
is a formal power series with coefficients E n = (Ẽ n ) + n = 1, 2, . . . , (2.5) recursively determined viã
Here we use the following notation (see also [1] ). For F dependent on t, we define
(as formal power series in λ) with
and
where p n , n = 0, 1, 2, . . ., are the elementary Schur polynomials (see [2, 10, 11] , for example).
It is sometimes helpful to express (2.3) in terms of 10) so that it takes the formÊ
Note that this equation (and thus (2.3)) has the following gauge invariance,
with an invertible G ∈ R.
Let L be a half-infinite formal series
in some operator D, with coefficients in some associative (and not necessarily commutative) algebra A with unit J, over a field K of characteristic zero, and 14) where ( ) <k takes the part of an element X ∈ R which contains only powers < k of D, and ( ) ≥k = id − ( ) <k . Let R be the algebra generated by L and such a projection (possibly augmented with a unit element). Under suitable assumptions for the operator D (cf. [1] ) and the product •, (R) − and (R) + are indeed subalgebras. Moreover, generically the zero curvature equations are actually equivalent to the hierarchy equations (2.2).
A possibility which apparently has not yet been considered previously, is opened by the fact that the product • may depend non-trivially on D, though severe restrictions arise from the fact that we have to preserve (2.1).
In this work we concentrate on AKNS-type hierarchies which are based on the choice
the operator of multiplication by an indeterminate ζ ∈ K. We require that L is given by a dressing
where W is an invertible formal power series in ζ −1 , and P ∈ A is constant and idempotent, i.e.,
and thus
the hierarchy (2.2) then takes the familiar AKNS form (1.1). 3 A new ingredient, however, is the dependence of the product • on the 'spectral parameter' ζ. In certain cases it is possible to 'undeform' the product and in this way establish contact with other formulations of the respective hierarchies, see appendix B.
AKNS-type hierarchies and coupled DNLS equations
Let (A, •) be a unital associative algebra over K with unit element J. The product • extends trivially to
We assume that 4 
Then we have
for X, Y ∈ R, so that (2.1) holds. Any other ζ-dependence of the product but the linear one would spoil one of these relations.
Remark. Taking the residue of the Zakharov-Shabat equations in the form
we find
which does not vanish (unlike the cases considered in section 3 of [1] ). Hence, in the case under consideration we cannot conclude that res(L •n ) = φ tn with some φ ∈ A. Equation (2.18) leads to
The hierarchy equations imply, in particular,
Combining (3.9) and (3.11), leads to
If we assume in addition that
and 14) then (3.6), (3.7) for n = 0, (3.8) and (3.10) are satisfied (by use of (2.17)).
Towards functional representations
In the case under consideration, we have
and E n = (Ẽ n ) ≥0 is linear in ζ for n = 2, 3, . . .. This follows from
Let us writeÊ
where v(λ) = n≥0 v n λ n and w(λ) = n≥0 w n λ n are (formal) power series in λ with v 0 = u 0 and w 0 = u 1 . Now (2.11) splits into the four equations
Assuming (3.14), equation (3.17) shows that 23) and the first two equations are identically satisfied. Furthermore, the third equation reduces to
In the limit λ 2 → 0, the equations (3.22) and (3.24) lead to
Chen-Lee-Liu DNLS hierarchy
Let A be a matrix algebra. We define the product • as follows (see also appendix A),
with the unit matrix I. For ζ = 1, this is the usual matrix product. It is easily checked that the deformed product is indeed associative (see appendix A) and unital with unit
Furthermore, (3.14) holds. Now we turn to a more concrete example by choosing
Equation (3.7) with n = 1 is then solved by
where q and r are M × N , respectively N × M matrices, with entries from a possibly noncommutative unital algebra (over K). Equation (3.7) with n = 2 leads to
where the entries b, c still have to be determined. Now we use (3.9) with n = 1 to obtain
Equation (3.12) for n = 2 then takes the form 5 q t 2 − q xx + 2 q x r q = 0 , r t 2 + r xx + 2 r q r x = 0 . These are 'noncommutative' (e.g., matrix) versions of a system of coupled derivative nonlinear Schrödinger (DNLS) equations, generalizing the Chen-Lee-Liu equation [12] [13] [14] . In the next step we obtain
where
(3.38) Equation (3.12) for n = 3 then becomes the system
Let us now turn to the derivation of a corresponding functional representation of the hierarchy. We write
where the entries are power series in λ. In this case (3.17) reads
Since (u 1 ) 22 = 0, we easily deduce from this formula that
Now (3.22) and (3.24) are turned into the following equations,
As a consequence of (3.49) and (3.50), we have
and (3.47) is automatically satisfied. Now (3.48) becomes
and consequently
Taking the limit λ 2 → 0 of (3.44), (3.45) and (3.46), and using (3.51), we obtain
56)
Multiplying (3.56) by r from the right and (3.57) by q [λ] from the left, adding the results, and using (3.54), we get
With the help of (3.54) we rewrite (3.55) as follows,
Adding the last two equations, provides us with
Expanding in powers of λ, using p 0 = −q r, and setting possible integration constants to zero 6 , this leads to
Inserting this in (3.56) and (3.57), we obtain the following functional representation of the hierarchy,
By differentiation with respect to λ, we recover the corresponding equations in [15] , obtained in the case of commuting variables.
Remark. Expanding (3.44) and using (3.53), the coefficients of λ m 1 λ n 2 , m, n ≥ 1, entail
This system is equivalent to the whole KP hierarchy (see section 3.3 in [1] ). Since (3.54) implies p x = −q r x , it follows that
solves the KP hierarchy if q and r satisfy the above Chen-Lee-Liu DNLS hierarchy.
Gerdjikov-Ivanov DNLS hierarchy
with the unit J, and
for A ∈ A. This provides us with a decomposition A = A (+) ⊕ A (−) and implies P (−) = 0. Then
defines an associative deformation of the product in A, which for ζ = 1 coincides with the a priori given one (see also appendix A). It is easily verified that all conditions required in the beginning of this section are fulfilled. In case of a matrix algebra, this defines a deformation of the ordinary matrix product. 7 The unit matrix I is then also a unit element with respect to the deformed product, hence
(3.7) for n = 1 leads to
From (3.7) with n = 2, and (3.9), we find
According to (3.12), the first system of the hierarchy is
which generalizes the Gerdjikov-Ivanov equation, a derivative nonlinear Schrödinger equation with an additional potential term [16] [17] [18] [19] [20] [21] [22] [23] [24] .
In order to determine a functional representation of the hierarchy, we write again
where the entries are (formal) power series in λ, and obtain from (3.24), as in section 3.2,
(3.76) 7 For 2 × 2 matrices with the choice of P below, the products AB − A (−) B (−) and A (−) B (−) appeared as examples in [8] , in a different context. From (3.22) we obtain the system
The λ 1 → 0 limit of these equations leads to
83)
Here we made use of s 0 = r q, p 0 = −q r (see (3.71)), and (3.76). Multiplying (3.83) by r from the left and (3.84) by q [λ] from the right, and adding the results, we get
Comparing this with (3.82), we obtain
setting a constant of integration to zero. Now (3.83) and (3.84) take the form
Multipling the first equation by r from the right and the second by q [λ] from the left, adding the results, and using the last of the relations (3.76), leads to
We multiply this in turn by λ −1 − p(λ) from the left, and (3.81) by λ −1 − q [λ] r from the right, and add the results to obtain
Integrating this order by order in λ, leads to
or equivalently
Inserting this expression in (3.87) and (3.88), yields the following functional form of the hierarchy,
Again, we should stress that q and r may be M × N and N × M matrices of functions (or, more generally, matrices with elements of any (noncommutative) associative algebra), where M, N ∈ N.
Remark. In the same way as in section 3.2 (see the remark there), we find that
satisfies the KP hierarchy as a consequence of the above Gerdjikov-Ivanov-DNLS hierarchy.
AKNS-type hierarchies and Kaup-Newell equations
Again, let (A, •) be an associative algebra with unit J. This time we choose the projections
In order to satisfy (2.1), we need
for all for X, Y ∈ R. This holds indeed if the product • has at most a ζ-dependence linear in ζ −1 . We decompose the product accordingly as follows,
From (2.18), we obtain 5) and the hierarchy equations (2.2) lead to
Combined with (4.6), this yields
Towards functional equations
According to (2.5) and (2.6), we have
where w(λ) does not depend on ζ. Now (2.11) yields the two equations
(4.13)
In the limit λ 2 → 0, this becomes
Kaup-Newell hierarchy
Here we choose the product • as in section 3.3, but with ζ replaced by ζ −1 . 8 Hence
Furthermore, (4.6) and (4.7) split as follows,
where n = 0, 1, . . ., and
where n = 1, 2, . . .. 8 The choice of the product used in section 3.2 reproduces the results obtained there.
If ) equation (4.4) and also (4.18) for n = 0 are solved by
where q, r are (M × N , respectively N × M ) matrices with entries from a, possibly noncommutative, associative algebra. From (4.5) we obtain
Together with (4.19) for n = 0, this entails
Now (4.21) leads to
which generalizes the Kaup-Newell derivative NLS equation [25] [26] [27] [28] .
Let us write
where the entries are power series in λ. Since (u 0 ) 22 = 0 and E n+1 = res(Ẽ n ζ −1 )
Furthermore, q 0 = q, r 0 = r, and p 0 = 1 according to (4.23) . From (4.12) and (4.13) we obtain 30) and
respectively. Equation (4.28) (with p 0 = 1) is solved by
with some invertible f . Inserting this in (4.29), we obtain
which implies
with someq which is determined by taking the limit λ → 0, withr := r f . (4.39)
As a consequence, (4.34) is automatically satisfied, and (4.31) takes the form
In the limit λ 2 → 0, this yields
up to addition of a constant, which we set to zero. The last equation is equivalent to p 1 = −q r. Expansion of (4.40) leads to
which is a formulation of the mKP hierarchy (see [1] ). This implies the existence of a potential φ such that
which, in functional form, reads
Using (4.42) and the last equation, we find
Furthermore, the λ 2 → 0 limits of (4.32) and (4.33) are
Conversely, these equations imply (4.32) and (4.33), since the x-derivatives of the latter are satisfied as a consequence of (4.48). Using (4.42) and (4.46), (4.48) becomes
Multiplying the first equation byr from the right, the second byq [λ] from the left, and adding the results, we obtain
Now we multiply (4.47) by λ −1 and subtract the resulting equation from the preceding one, to get
with the following power series in λ,
Expanding in powers of λ, a simple induction argument (using (4.42) and setting x-integration constants to zero) now leads to z(λ) = 0 and thus
which, with the help of (4.37) and (4.39), can be written in the form 9
From (4.37) and (4.39), using (4.35), we get
Introducing potentials via
the equations (4.48) can be integrated to give
Inserting this in (4.56), we arrive at the following functional representation of the hierarchy,
(4.60)
Expansion in powers of λ leads, in lowest order, to
which is the potential form of (4.25).
Conclusions
In this work we used a quite universal approach to derive 'functional representations' of integrable hierarchies with noncommuting variables, based on our recent work in [1] . We applied it to (coupled) derivative NLS hierarchies. For the hierarchy treated in section 3.2, we recovered in the special case of commuting variables corresponding formulae obtained previously by Vekslerchik [15] . The functional representations obtained for the other examples did not yet appear in the literature according to our knowledge. In any case, the generalizations to noncommuting variables appear to be new. Also the use of deformed products seems to be a new idea in this context. This opens possibilities which by far exceed the collection of examples presented in this work. where the coefficients v n = Qu n Q now exhibit an explicit z-dependence. The hierarchy equations
can then be written in terms ofV as follows,
if we agree upon the rule that the projection ( ) ≥0 does not take the 'inner' z-dependence of the v n into account. In this way contact is made with previous formulations of hierarchies of the type considered in this work (see, in particular, [15, 33] ). By use of deformed products one achieves a much more elegant formulation, according to our opinion (and remains in the class of Gelfand-Dickey-type hierarchies).
